Abstract. Dolfi, Guralnick, Praeger and Spiga asked if there exist infinitely many primitive groups of twisted wreath type with nontrivial coprime subdegrees. Here we settle this question in the affirmative. We construct infinite families of primitive twisted wreath permutation groups with nontrivial coprime subdegrees. In particular, we define a primitive twisted wreath group G(m, q) constructed from the nonabelian simple group PSL(2, q) and a primitive permutation group of diagonal type with socle PSL (2, q) m , and determine all values of m and q for which G(m, q) has nontrivial coprime subdegrees. In the case where m = 2 and q / ∈ {7, 11, 29} we obtain a full classification of all pairs of nontrivial coprime subdegrees.
Introduction
If G is a transitive permutation group acting on a finite set Ω and we fix some point α ∈ Ω, a subdegree of G relative to α is defined as the size of a G α -orbit. These are the sizes of the sets β Gα where β ∈ Ω, or equivalently, the values of |G α : G α ∩ G β |. The subdegree is said to be trivial if it corresponds to the G α -orbit {α}, and nontrivial otherwise. If G is primitive and not cyclic of prime order, then the only subdegree equal to 1 is the trivial subdegree, so all nontrivial subdegrees are greater than 1. The study of subdegrees is a classical topic in permutation group theory. Probably the most famous result is the verification of the Sims conjecture [3] that bounds the order of point stabilisers in primitive groups in terms of their subdegrees.
Primitive groups are classified into types by the O'Nan-Scott Theorem, using the subdivision in [15] . The primitive groups of twisted wreath type (TW) are the most mysterious and commonly misunderstood. We refer the reader to [5, Section 4.7] and [1] for detailed treatments and provide more information in Section 2. This paper deals with subdegrees of twisted wreath groups, a topic that does not appear very often in the literature. The published results include a paper by Giudici, Li, Praeger, Seress and Trofimov [10] , which proves bounds on the minimal subdegrees and explicitly constructs such a minimal G α -orbit. A result by Fawcett in her PhD thesis [8, p. 59] shows that if the point stabiliser G α acts primitively on the set of simple direct factors of the socle, then there is a subdegree of size |G α |.
The study of coprime subdegrees dates back to the work of Marie Weiss in 1935, who proved that if G is primitive with coprime subdegrees m and n, then G has a subdegree dividing mn that is greater than both m and n. Moreover, if it has k pairwise coprime subdegrees then it has rank at least 2 k (see [14, p. 92-93] ). The motivation behind this paper was a result of Dolfi, Guralnick, Praeger and Spiga [6] that is proven in [7] , stating that the maximal size of a set of pairwise coprime nontrivial subdegrees of a finite primitive permutation group is at most 2. Dolfi et al. also showed that if a primitive permutation group has a pair of nontrivial coprime subdegrees, then its type is Almost Simple (AS), Product Action (PA) or Twisted Wreath (TW). For types AS and PA they constructed infinite families with nontrivial coprime subdegrees, but with type TW only one example is known.
In this paper we construct a primitive TW group G(m, q) determined from the nonabelian simple group PSL(2, q) and a primitive permutation group of diagonal type with socle PSL (2, q) m . The group G(2, 7) is the example given in [6] of a primitive TW group with nontrivial coprime subdegrees. For the full definition of G(m, q), see Remark 2.5. In Table 1 we calculate a number of different subegrees of G(m, q), from which we find infinitely many values of m and q for which G(m, q) has nontrivial coprime subdegrees, as presented in Table 2 . We go further with our analysis and in Sections 5 and 7 we show that these are the only such pairs. This gives the following main result:
. The group G(m, q) has nontrivial coprime subdegrees if and only if one of the following holds:
(1) q ≡ 3 (mod 4) or q = 29, (2) q is even and m 3.
Finally, in Section 7 we analyse the m = 2 case in more detail to determine all pairs of nontrivial coprime subdegrees, and we manage to do this for all q / ∈ {7, 11, 29}, given in Table 4 . For these three small cases we have an inclusion statement about the two-point stabiliser, which gives some information about the subdegree. Remarkably, we find that if q ≡ 3 (mod 4) and q > 19, then G(2, q) has exactly one pair of nontrivial coprime subdegrees.
Twisted wreath groups
We now describe the construction of the twisted wreath product as introduced by Neumann in [13] . Let T and H be arbitrary groups. For any subset X of H, let T X denote the set of functions from X to T , which is a group under pointwise multiplication. Let id denote the function defined by f (x) = 1 for all x ∈ X. It can be shown that H acts as a group of automorphisms on T H by f x (z) = f (xz) for all f ∈ T H and x, z ∈ H. Now let L be a subgroup of H and R be a set of left coset representatives of L in H. Let φ : L → Aut(T ) be a homomorphism. Set N = {f ∈ T H | f (zℓ) = f (z) φ(ℓ) for all z ∈ H and ℓ ∈ L}.
We can show that N is a subgroup of T H and that N ∼ = T R . Furthermore, the group N is invariant under the action of H, so H acts as a group of automorphisms on N.
Definition 2.1. We define the twisted wreath product determined from (T, H, φ) to be the group G = N ⋊ H. The group G acts on Ω = N with N acting by right multiplication and H acting by automorphisms, that is, α nh = (αn) h for all α ∈ Ω, n ∈ N and h ∈ H.
Lemma 2.2. The nontrivial subdegrees of G are the values of |H : H f | for f ∈ N\{id}. Also, no nontrivial subdegrees of G are equal to 1.
Proof. We can verify that G id = H, so the nontrivial subdegrees of G are of the form |G id :
Since G is not cyclic of prime order, no nontrivial subdegrees of G are equal to 1.
The following result from [5, Lemma 4 .7A] gives a set of sufficient conditions for a twisted wreath product to be primitive. We will deal with a class of primitive TW groups constructed from a group of diagonal type. Remark 2.5. We define G(m, q) = G(m, PSL(2, q)) and note that G(2, 7) is the primitive TW group in [6, p. 12-14] with nontrivial coprime subdegrees.
Throughout, we will let H, L and φ be as defined in Lemma 2.4. Let
for all z ∈ H and ℓ ∈ L} be the set of functions that G(m, T ) acts on. We now construct some g ∈ N which is very similar to the function used by Dolfi et al. [6] and Giudici et al. [10] .
Proof. Firstly, we show that g is well-defined.
, it follows that (ρη, . . . , ρη)τ σ = (ηρ, . . . , ηρ)στ . In particular, ρη = ηρ and thus η φ(u) = η iρ = η. Hence
and so g(z) does not depend on the representation
Hence g ∈ N. Now suppose for a contradiction that g is constant. Then η φ(ℓ) = η φ(1) = η for all ℓ ∈ L, and since Inn(T ) Im φ we have η ∈ Z(T ) = 1, a contradiction. Thus g is nonconstant.
Finally, we show that for each d ∈ D and z ∈ H, we have g
, by considering the z ∈ DtL and z / ∈ DtL cases. If
Proof. Define g as in Equation (1) . Then by Lemma 2.6,
, and thus g is a constant function, contradicting η = 1 and Lemma 2.6. So Proof. By Corollary 1.5A and Lemma 2.7A in [5] , it follows that D is maximal in H. The result now follows from applying Lemma 2.7.
we can apply Corollary 2.8 with t = 1, and thus |T : K| m is a subdegree of G(m, T ).
If m σ −1 = m then since m 3 one component of the product will be of the form k i s, while another will be of the form k j . But 
. So by Corollary 2.8, we see that |T : K| 2 is a subdegree of G(m, T ).
The following lemma is inspired by the construction of the subdegree 24 2 in the group G(2, 7) [6] .
Lemma 2.12. Let γ be a nontrivial element of T . Then
That is, h is defined as in Equation (1) with t = 1 and (γ, . . . , γ) being a nontrivial element in Z(D ∩ L). Thus Lemma 2.6 implies that h is well-defined, h ∈ N and D C H (h). We cannot use maximality as before to conclude that D = C H (h), but we can prove this another way. Let
We now explain how the above results could be used to construct infinite families of primitive TW groups with nontrivial coprime subdegrees. If G is a finite group with subgroups A and B, we say G = AB is a coprime factorisation if |G : A| and |G : B| are coprime. If A and B are maximal in G, we say G = AB is a maximal coprime factorisation. 
Results about PSL(2, q)
We begin with the following standard lemma.
Lemma 3.1. Let K be a maximal subgroup of a simple group T and let R be a subgroup of K. Let x be the number of conjugates of R in T that are contained in K and let y be the number of conjugates of K in T whose intersection with K contains R. Then
Proof. We will count the number of pairs (X, Y ) of subgroups of T , with X conjugate to R, with Y conjugate to K, and X Y . By fixing X and considering the possibilites for Y , and then by fixing Y and considering the possibilities for X, we obtain 
Proof. Since there is only one conjugacy class of R in K, we have that x = |K| |N K (R)| and the result follows.
We will be working a lot with the projective special linear groups. Information about their subgroups and maximal subgroups will prove to be useful. The list in Dickson [4] is the most commonly cited but contains an error about the number of conjugacy classes of dihedral groups. In particular, it states that for a divisor d > 2 of
, there is one conjugacy class of subgroups isomorphic to D 2d for d odd, and two conjugacy classes if d is even. However, it is actually the case that there are two conjugacy classes for d odd, and one conjugacy class for d even. We also point the reader to [12] which contains a correct list. For the rest of this section, set T = PSL(2, q). We will denote the point stabiliser of a one-dimensional subspace by P 1 , and begin with a lemma about involutions in cosets of P 1 .
Proof. Let v be the one-dimensional subspace of V stabilised by P 1 , and let w = v s . Since s / ∈ P 1 , it follows that {v, w} is a basis of V . Take the element g ∈ SL(2, q) such that v g = w and w g = −v. Any element of V can be written as αv + βw for some α, β ∈ GF(q), and we can show that (αv + βw)
so h 2 fixes all the one-dimensional subspaces of V and h is an involution. Note also that
The next few lemmas deal with possible intersections of conjugate subgroups of T . We now introduce some notation. Let K be a subgroup of T . For any R K, let f (R) denote the number of conjugates of K whose intersection with K contains R, and let g(R) denote the number of conjugates of K whose intersection with K is equal to R. Note that for R maximal in K, we have f (R) = g(R) + 1.
Lemma 3.4. Suppose that q ≡ ±1 (mod 10), and q is a prime or q = p 2 for some prime p ≡ ±3 (mod 10).
Proof. Consider a fixed C 2 in K. It is contained in two copies of D 10 , two copies of D 6 and one copy of C 2 2 in K. We want to show that g( For R = C 2 , D 10 , D 6 and C 2 2 there is only one conjugacy class of subgroups isomorphic to R in K, so by Corollary 3.2, we have
It is easy to prove that
By looking through the list of maximal subgroups of T , we see that
2 )| 24. For n = 6 or 10, we use the list of maximal subgroups of T given in [12] 
In the last two cases, if D n is a subgroup, it must be maximal, and hence
Putting this all together, we obtain f (C 2 )
Taking into account the restrictions on q, it remains to consider the q = 19 case in more detail.
, which we want to show is positive.
There is only one conjugacy class for D 8 in K, so by Corollary 3.2 we have
From the list of maximal subgroups of T we have
We claim that N T (X) ∼ = S 4 . There are two conjugacy classes of S 4 in T , so let J be a copy of S 4 not conjugate to K. Let P be the C 2 2 in J that is normal in J, and let Q be the C 2 2 in K that is normal in K. Now there are two conjugacy classes of C 2 2 in T . Since the normalisers of P and Q in T (J and K, respectively) are not conjugate, the subgroups P and Q cannot be conjugate. Hence X is conjugate to either P or Q. Thus the normaliser of X is conjugate to the normaliser of either P or Q, both of which are isomorphic to S 4 . This proves that N T (X) ∼ = S 4 .
The conjugacy class of X in K has size 3, so the number of conjugates of X in T contained in K is at least 3. Then Lemma 3.1 implies that
Putting this all together yields g(X) 3 − 2 > 0. This proves the first part of the lemma. For the second part of the lemma, we verify the q = 17 case by a Magma [2] calculation. We now show that if q > 17 then there exists t ∈ T such that K ∩ K t = Z, where Z is a subgroup of X isomorphic to C 2 . Since the only subgroups of K that contain Z as a maximal subgroup are X and the copies of S 3 , we need to show that g(
There is only one conjugacy class for Z in T , so the number of conjugates of Z in T that are contained in K is equal to the number of copies of C 2 in K, which is equal to 9. Now choose ǫ ∈ {−1, 1} such that
There is only one conjugacy class for S 3 in K so by Corollary 3.2 we have
Now from the list of maximal subgroups of T as given in [12] we have
In the second and third cases, we have N T (S 3 ) = S 3 as S 3 is maximal and not normal in S 4 and
= 2. There are four copies of C 
Proof. Let y ∈ K be an involution. Since q + 1 is odd all involutions of K are conjugate and C K (y) = y . Moreover, all involutions in T are conjugate and T contains an elementary abelian subgroup of order 2
Then by the maximality of K in T we have that K = N T ( x ). If we also have x ∈ K t then by the same argument we have
Thus |K ∩ K t | is a power of 2 and we are done.
When T = PSL(2, q)
We will be working with the nonabelian simple group T = PSL(2, q), so for convenience let
The first lemma deals with the m = 2 case. We shall write 
Proof. We have
and Proof. We begin by proving Row 1. When m 3, this follows from letting K = P 1 in Corollary 2.10 and noting that for any s ∈ T \P 1 , we have
, which has nontrivial centre.
When m = 2, set D = (P 1 × P 1 ) ⋊ ι and note that P 1 is maximal in T . By Lemma 4.1 there exists
contains an element (η, η)σ with η = 1 and we can finish by Corollary 2.8.
Next, we prove Row 2. Let γ ∈ T be an involution. By a Magma [2] calculation and the fact that there is only one conjugacy class of involutions in T , if q ≡ 1 (mod 4) then C T (γ) = D q−1 and if q ≡ 3 (mod 4) then C T (γ) = D q+1 . Hence Lemma 2.12 yields the subdegrees listed.
Row 3 follows from letting K = D 2(q+1) in Corollary 2.11 and using Lemma 3.6 to guarantee the existence of t ∈ T such that K ∩ K t ∼ = C 2 .
Now consider Row 4. If q is odd, then there exists γ ∈ T of order q+1 2
. If q is odd and q 7, then there exists γ ∈ T of order q−1 2
. Finally, if q is even and ǫ ∈ {−1, 1}, then there exists γ ∈ T of order q + ǫ. In each of these cases it can be shown that C T (γ) = γ , so by Lemma 2.12 we are done.
To see why Row 5 holds, let Z be the set of elements in SL(2, q) that are in the centre of GL(2, q) and set
an element of T . Then C T (γ) has order q and so Lemma 2.12 implies that
If m 3, then Row 6 holds by letting K = S 4 in Corollary 2.10, and using Lemma 3.5 which guarantees the existence of t ∈ T such that
. It remains to consider the m = 2 case. The q = 7 case is done in [6] . If q > 7, then the restrictions on q imply that q 17, and then by Lemma 3.5 there exists s ∈ T such that K ∩ K s ∼ = C 2 . So by Corollary 2.11 it follows that
is a subdegree of G(2, q). If q 19, then Row 7 follows from letting K = A 5 in Corollary 2.11, and using Lemma 3.4 which guarantees the existence of t ∈ T such that K ∩ K t ∼ = C 2 . If q = 11 and m 6, then a Magma
. . , a m ). Note that neither of the elements r, s or sr −1 can be contained in K, as otherwise K ∩ K r ∩ K s will be the intersection of two conjugates of K, which can never be C 2 . Then
Suppose σ does not fix the set {1, . . . , m − 3}. Then there exist i, j such that 1 i, j m − 3 and a i σ = a j σ . For the product to be in L we need k i a i σ = k j a j σ and a i σ a −1
−1 or the inverse of one of these, none of which lie in K, so the product cannot be contained in L.
Thus we need σ to fix {1, . . . , m − 3} setwise. Continuing this line of reasoning, we suppose σ does not fix {m − 2, m − 1} setwise. Then a (m−2) σ = a (m−1) σ . For the product to be in L we need r
But this means that sr −1 or rs −1 = (sr −1 ) −1 lies in K, which is not true, so σ must fix {m − 2, m − 1} setwise. Let P ∼ = C 2 × S m−3 be the subgroup of S m consisting of all permutations fixing {1, . . . , m − 3} and {m − 2, m − 1} setwise. Then We can also make use of Lemma 2.6 by allowing D not to be maximal in H. In this case we do not get an exact subdegree, but we do prove that there exists a subdegree dividing some number. This will prove to be useful in constructing an infinite family with nontrivial coprime subdegrees. Proof. Define g as in Equation (1). Then by Lemma 2.6, D C H (g), so the subdegree |H : C H (g)| divides |H : D|. To show that this subdegree is nontrivial, it suffices to show that g = id, which is true as by Lemma 2.6, we have that g is nonconstant. Proof. Let D = P 1 × P 1 and let t = (1, s) for some s /
has nontrivial centre. Since D t ∩ L T 2 , it follows that the conditions in Lemma 4.3 have been satisfied, so G(2, q) has a subdegree dividing |H : D| = 2(q + 1) 2 .
We now present some infinite families of primitive TW groups with nontrivial coprime subdegrees. Table 2 gives a quadruple (m, q, r, d) such that r and d are nontrivial coprime subdegrees of G(m, q).
Theorem 4.5. Each row of
Proof. This follows from using the data in Lemma 4.2, apart from using Corollary 4.4 to construct the subdegree dividing 2(q + 1) 2 in Row 1.
Characterisation results

Recall the action of H on
∀z ∈ H, ℓ ∈ L}, where H = T ≀ S m , L = {(x, . . . , x)σ | x ∈ T, σ ∈ S m }, and φ((x, . . . , x)σ) = i x for all (x, . . . , x)σ ∈ L (i x denotes the automorphism induced on T by conjugation by x). We will investigate this action in more detail. Also, define the projection maps π i : T m → T for all 1 i m by π i ((t 1 , . . . , t m )) = t i for all t 1 , . . . , t m ∈ T . 
tm holds for all t 1 , . . . , t m ∈ T and σ ∈ S m . Then for any z = (a 1 , . . . , a m )σ 1 ∈ H and ℓ = (t, . . . , t)σ 2 we have
Proof. Define a function α : T m−1 → T by α(x 1 , . . . , x m−1 ) = f ((x 1 , . . . , x m−1 , 1)) for all x i ∈ T . We will use Lemma 5.1 in the following series of manipulations. We have (t 1 , . . . , t m ) ∈ H f for all t 1 , . . . , t m ∈ T if and only if for all t i , a i ∈ T and σ ∈ S m we have
). This is equivalent to
By setting t m and the s i to be 1, and varying t 1 , . . . , t m−1 , we see that α is a constant function. Suppose the value of α is always equal to y ∈ T . Then y = y tm for all t m ∈ T , so y ∈ Z(T ) = 1. Thus α(x 1 , . . . , x m−1 ) = 1 for all x i ∈ T . By Lemma 5.1, we have f = id. Proof. Since T m is normal in H, it follows that |X : In the m 3 case, the results we have from the previous sections are enough to determine all q such that G(m, q) has nontrivial coprime subdegrees. Proof. By the results in Section 4 we see that for all these values of q the group G(m, q) has nontrivial coprime subdegrees. Now suppose that the group G(m, q) has nontrivial coprime subdegrees. Then there exist f, g ∈ N\{id} such that |H : H f | and |H : H g | are coprime. By Corollary 5.4 there exist K 1 and K 2 maximal in T such that |H : H f | is divisible by |T : K 1 | and |H : H g | is divisible by |T : K 2 |. Since |T : K 1 | and |T : K 2 | are coprime, it follows from Lemma 3.16 in [11] that T = K 1 K 2 is a maximal coprime factorisation. By the list in [6] it follows that either q is even or q ≡ 3 (mod 4) or q = 29.
Maximal subgroups of H = T ≀ S 2 and T × T
To address the m = 2 case, we will need information about the maximal subgroups of H = T ≀ S 2 and T × T , where T is a nonabelian simple group. Lemma 6.1. Let X be a maximal subgroup of H = T ≀ S 2 = (T × T ) ⋊ ι . Then up to conjugacy X has one of the following three types:
(1) X = T 2 = T × T and |H : X| = 2; (2) X = S, (a, b)ι where S = {(t, t σ ) | t ∈ T } for some σ ∈ Aut(T ) and a, b ∈ T such that (ab) σ = ba and σi b σ = i a , and |H : X| = |T |; (3) X = K ≀ S 2 for some K maximal in T , and |H : X| = |T : K| 2 .
Proof. Let M be a proper subgroup of H. If M T 2 , then M is contained in the proper subgroup T 2 , which is of type (1) .
If we let i x denote the automorphism of T induced by conjugation by x, we have (t,
Thus M is a subgroup of type (2) and since |M : M ∩ T 2 | = 2 we have that
Hence each subgroup M of H is contained in a type (1), (2) or (3) subgroup. Observe that a type (i) subgroup cannot be contained in a type (j) subgroup if i = j, and that a type (i) subgroup cannot be properly contained in another type (i) subgroup. Hence the subgroups stated in the lemma are precisely the maximal subgroups of H. 
Proof. Let M be a proper subgroup of
is a proper subgroup of T , it follows that M is contained in a type (1) subgroup. If π 1 (M) = π 2 (M) = T , then M ∼ = T , so M is equal to (and thus contained in) a type (2) subgroup. So in all cases, M is contained in a type (1) or (2) subgroup.
It is easy to show that a type (i) subgroup cannot be contained in a type (j) subgroup if i = j, and that a type (i) subgroup cannot be properly contained in another type (i) subgroup. So type (1) and type (2) subgroups are maximal in T 2 .
The m = 2 case
We now address the m = 2 case. Since PSL(2, 4) ∼ = PSL(2, 5), it follows that G(2, 4) ∼ = G(2, 5). So from now on, suppose q = 5. Recall that H = T ≀ S 2 and L = {(x, x)σ | x ∈ T, σ ∈ S 2 }. Proof. By Lemma 5.4, neither R 1 nor R 2 can be of type (2) as |T | and |T : K| are never coprime for any K maximal in T . If both R 1 and R 2 are of type (3) in Lemma 6.1, we obtain the first case. Now assume without loss of generality that R 1 is of type (1) and so (2) in Lemma 6.2, then |H : M| = 2|T |, so by Lemma 5.4 it is not possible for |H : H f | and |H : H g | to be coprime. Thus M is of type (1) in Lemma 6.2. It is not possible for R 2 to be of type (1) or (2) as then both |H : R 1 | and |H : R 2 | will be even. Thus R 2 is of type (3) (1) q is even,
Proof. We need |H : M| = 2|T : K 1 | to be coprime to |H :
where H f M = T ×K 1 or K 1 ×T . In particular |T : K 1 | must be coprime to |T : K 2 | so we can systematically work through the list of maximal coprime factorisations in [6] , to obtain the possibilities mentioned above.
We will do some detailed analysis about the possibilities for H f and H g when |H : H f | and |H : H g | are nontrivial coprime subdegrees of G(2, q). Since H h f = H f h for all h ∈ H, it suffices to consider H f up to conjugacy in H. We begin with a lemma about subgroups of T × P 1 that will help simplify our casework later.
q(q − 1), so we must have X = M. Now suppose π 1 (X) < T . Then |X| |π 1 (X)||P 1 |. Note that |M| = |T ||P 1 | = |P 1 | 2 (q + 1), and every prime factor of |P 1 | 2 is clearly a prime factor of 1 2 q(q−1) = |P 1 |, so for |M : X| to be coprime to 1 2 q(q − 1) we require |X| |P 1 | 2 . Combining this with |X| |π 1 (X)||P 1 | we obtain |π 1 (X)| |P 1 |. 
We cannot have q = 7 and π 1 (X) = S 4 as then |M : X| is divisible by |M : S 4 × P 1 | = 7, which is not coprime to 1 2 q(q − 1) = 21. Similarly, we cannot have q = 11 and π 1 (X) = A 5 as then |M : X| is divisible by |M : A 5 × P 1 | = 11 which is not coprime to 1 2 q(q − 1) = 55. So it follows from [12] that π 1 (X) ∼ = P 1 . Since |X| |P 1 | 2 it follows that X = P Table 3 holds.
Proof. Suppose that |H : H f | and |H : H g | are nontrivial coprime subdegrees of G(2, q). Let R 1 and R 2 be maximal subgroups of H such that H f R 1 and H g R 2 . According to Lemma 7.1, we can split our analysis into two cases.
Case 1: R 1 and R 2 are of type (3) in Lemma 6.1, and are constructed from K 1 and K 2 , respectively.
Then |T : K 1 | 2 and |T : K 2 | 2 are the indices of R 1 and R 2 so they must be coprime. Thus |T : K 1 | and |T : K 2 | are coprime, so T = K 1 K 2 is a maximal coprime factorisation by Lemma 3.16 in [11] . We will work through the list in [6] , and assume without loss of generality that K 1 = P 1 .
Subcase 1a: q is even and
2 . Thus |R 2 : H g | is coprime to (q + 1) 2 so C q+1 × C q+1 H g and we are in Row 1 of Table 3 .
Subcase 1b: q ≡ 3 (mod 4) with q > 7 and K 2 = D q+1 . We have |H| = |R 1 ||R 2 |, so H f = R 1 and H g = R 2 . Thus we are in Row 2. Subcase 1c: q ∈ {7, 23} and K 2 = S 4 . 
2 ) and is coprime to |H : R 2 | = 57 2 , so
2 ) and is coprime to |H : 2 ) , it follows that |R 1 : H f | is a power of 2. This can only happen if H f contains the subgroup X × X of R 1 , where X is the index 2 subgroup of P 1 , and we get Row 7.
If q = 59, we are again in the situation when |H| = |R 1 ||R 2 |, so H f = R 1 and H g = R 2 . Thus we are in Row 8.
Case 2: R 1 = T 2 and H f is contained in a subgroup M of type (1) in Lemma 6.2, and R 2 is of type (3) in Lemma 6.1.
Suppose that M is constructed from K 1 and R 2 is constructed from K 2 . We work through the possibilities for K 1 and K 2 outlined in Lemma 7.2.
Subcase 2a: q is even,
and is coprime to |H : M| = q(q − 1), it follows that
2 . Thus we are in Row 1 by interchanging f and g. Subcase 2b: Either one of Cases 2, 3 or 4 in Lemma 7.2 holds. Then
H g |, and so 2(q + 1) is coprime to |R 2 :
2 , and we can check that in all cases apart from Case 3 with q = 7 and Case 4 with q ∈ {11, 19}, the prime factors of 2|K 2 | 2 are the same as the prime factors of 2(q + 1). So if we are in Case 2, Case 3 with q = 23, or Case 4 with q ∈ {29, 59}, we must have H g = R 2 . We claim this is also true in Case 4 with q = 19. Indeed, 2(q + 1) = 20 is coprime to |R 2 : H g | which divides |R 2 | = 2(60 2 ), so |R 2 : H g | is a power of 3, which can only happen if H g = R 2 .
Suppose we are in either Case 2, Case 3 with q = 23, or Case 4 with q ∈ {19, 59}. Then from the above argument we have H g = R 2 = X ≀ S 2 and H f M = T × P 1 . So |H : H g | = |T : X| 2 is coprime to |M : H f |. We can check that in all these cases the prime factors of |T : X| are the same as the prime factors of 1 2 q(q − 1), so by Lemma 7.3 we have H f = P 1 × P 1 or H f = M. Thus we are in Rows 2,5,6 and 8.
Consider Case 4 with q = 29. We have that |M : H f | is coprime to |H : H g | = 203 2 . Moreover, |M| = 203 2 · 120 so |M : H f | divides 120. This can only happen if H f contains a subgroup of M isomorphic to X × X where X has index 2 in P 1 , yielding Row 7.
Next, consider Case 3 with q = 7. Then |R 2 : H g | is coprime to 2(q + 1) = 16 and divides |R 2 | = 2(24 2 ), so |R 2 : H g | is a power of 3. This means that
2 and divides |M| = 21 2 · 7, so |M : H f | is a power of 2 and H f = M or H f = P 1 × P 1 . Thus we are in Row 3.
Finally, consider Case 4 with q = 11. Then |R 2 : H g | is coprime to 2(q + 1) = 24 and divides |R 2 | = 2(60 2 ), so |R 2 : H g | is a power of 5. This means that
2 and divides |M| = 55 2 · 12, it follows that |M : H f | divides 12. This can only happen if H f = M or H f = P 1 × P 1 and we are in Row 4. Now we determine some specific conditions for H f to contain certain subgroups of H. Recall the action of
denotes the automorphism induced on T by conjugation by x).
Lemma 7.5. Let f ∈ N and set α(t) = f ((t, 1)) for all t ∈ T . Let X and Y be subgroups of T . Then X × Y H f if and only if the following conditions hold:
In particular, α(x) = α(1) for all x ∈ X.
Proof. We will use Lemma 5.1 here. We have (x, y) ∈ H f for all x ∈ X, y ∈ Y if and only if
We claim that this final condition is equivalent to (3) α(xt) = α(t) and α(t) y = α(ty) ∀t ∈ T, x ∈ X, y ∈ Y.
Indeed, if α(xty −1 ) y = α(t) for all t ∈ T , x ∈ X and y ∈ Y , we can set y = 1 and x = 1 respectively to obtain the equations in (3). Conversely, if the equations in (3) hold then for any t ∈ T , x ∈ X and y ∈ Y we have α(t) = α(xt) = α(xty
H f if and only if the equations in (3) hold.
Lemma 7.6. Let K be a subgroup of T . If a function α : T → T satisfies α(kt) = α(t) and
p for all p ∈ P 1 and t ∈ T . Then α(t) = 1 for all t ∈ P 1 .
Proof. By Lemma 7.6 we get P 1 C T (α (1)). This can only happen if α(1) = 1 and so α(t) = 1 for all t ∈ P 1 .
Proof. Suppose for a contradiction that such an f exists. Set α(t) = f ((t, 1)) for all t ∈ T . Then by Lemma 7.5 we have α(xt) = α(t) and α(tp) = α(t) p for all x ∈ T , p ∈ P 1 and t ∈ T . We can apply Lemma 7.7 to get α(1) = 1. Then since α(xt) = α(t) for all x ∈ T and t ∈ T , it follows that α is a constant function, so α(t) = 1 for all t ∈ T . This is a contradiction as then H f = H. Lemma 7.9. Let f ∈ N and set α(t) = f ((t, 1)) for all t ∈ T . Let K be a maximal subgroup of T . Then
and only if the following conditions hold:
• α(kt) = α(t) for all k ∈ K, t ∈ T ;
• α(t) = α(t −1 ) t for all t ∈ T ; • there exists t ∈ T such that α(t) = 1.
Proof. By Lemma 7.5 we obtain K × K H f if and only if (4) α(kt) = α(t) and α(t) k = α(tk) ∀t ∈ T, k ∈ K.
We now determine an equivalent set of conditions for (K × K)ι ⊆ H f to hold. By Lemma 5.1 we obtain (k 1 , k 2 )ι ∈ H f for all k 1 , k 2 ∈ K if and only if
⇐⇒ f ((k 1 b, k 2 a)ι x+1 ) = f ((a, b)ι x ) ∀a, b ∈ T, ∀k 1 , k 2 ∈ K, ∀x ∈ {0, 1} ⇐⇒ f ((k 1 ba
We claim that this final condition is equivalent to (5) α(kt) = α(t) and α(tk
Indeed, if α(k 1 tk −1
2 ) k 2 = α(t −1 ) t for all t ∈ T and k 1 , k 2 ∈ K, we can set k 1 = 1 to obtain the second equation in (5) . By setting k 2 = 1 and comparing this with the equation where k 1 = k 2 = 1, we obtain the first equation in (5) . Conversely, if the equations in (5) hold then for any t ∈ T and k 1 , k 2 ∈ K we have α(k 1 tk
So (K × K)ι ⊆ H f if and only if the equations in (5) hold. Putting everything together we get (K × K) ⋊ ι H f if and only if (6) α(kt) = α(t), α(t) k = α(tk) and α(tk
Next, we show these conditions are equivalent to (7) α(kt) = α(t) and α(t) = α(t −1 ) t ∀t ∈ T, k ∈ K.
Indeed, (7) follows from (6) as the first equation is the same in both and setting k = 1 in the third equation of (6) yields the second equation in (7) . Conversely, suppose (7) holds. Then
proving the second equation of (6) . Also, right cosets of P 1 in T . Since we previously showed that α(t) = 1 for all t ∈ P 1 , we conclude that α(t) = 1 for all t ∈ T . But then H f = H, a contradiction, so no such f exists.
Lemma 7.11. Let T = PSL(2, q) where q 4 and either q is even or q ≡ 3 (mod 4). Let f ∈ N\{id}. Then whenever P 1 × P 1 H f , we have P 1 × P 1 = H f .
Proof. The only proper subgroups of H containing P 1 × P 1 are T 2 , P 1 × P 1 , P 1 ≀ S 2 , T × P 1 and P 1 × T . Recall that the last three have been disproved in Lemma 7.10 and Corollary 7.8 by noting that T × P 1 and P 1 × T are conjugate in H. Finally, we cannot have H f = T 2 by Lemma 5.2. Proof. We refer to Table 3 , and use Lemmas 7.10 and 7.8 to eliminate all the cases where H f = P 1 ≀S 2 or H f = T ×P 1 . This leaves us with the cases in Table 4 , and it is easy to check that in each of these cases we obtain nontrivial coprime subdegrees. Thus if G(2, q) has nontrivial coprime subdegrees, then q ≡ 3 (mod 4) or q = 29, and Theorem 4.5 shows that for all these values of q, the group G(2, q) has nontrivial coprime subdegrees. So the first part of this theorem has been proven. To see that in each of these cases there exist f, g ∈ N such that H f and H g are as shown in Table  4 , we refer to Remark 7.12 and Sections 2 and 4.
Remark 7.14. Suppose q ≡ 3 (mod 4). Then G(2, q) has the pair of nontrivial coprime subdegrees (2(q + 1) 2 , ( 
